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Abstract. Let K/k be an Abelian extension of number fields, S be a set of places 
of fc, and p be an odd prime number. We continue an investigation begun in [11] 
into the values at of the 5*-imprimitive partial zeta functions of K/k. The main 
result of [11] provides, under the assumption that the p-power roots of unity in K 
are cohomologically trivial, a criterion for the values to have larger than expected p- 
valuation. The present paper provides such a criterion for a special class of degree 2p 
extensions for which the p-power roots of unity are not cohomologically trivial. For 
such extensions, new sufficient conditions are also given for the p-local Brumer-Stark 
conjecture for K/k and for Leopoldt's conjecture on the number of independent Z p - 
extcnsions of fc. 



1. Introduction 

In this article is set forth a new arithmetical interpretation of the values of partial 
zeta functions at for a special class of Abelian number field extensions. 

Let Kj k be an Abelian extension of number fields. A partial zeta function Cx/fc,s , (o" ; s) 
is associated with each automorphism a of K/k and finite set S of places of k. Siegel 
[9] and Shintani [8] independently proved that the value (K/k,s(c, ~ n ) is rational when 
n is a nonnegative integer and S contains the Archimedean places and the places that 
ramify in K/k. Extending the work of Siegel and Shintani respectively, Deligne and 
Ribet [2 J and Cassou-Nogues pQ bounded the denominator of (K/k,s(°~, ~ n )i proving 
in particular that wkCk/^s^, 0) is an integer, where wk is the number of roots of 
unity in K. 

The Brumer-Stark Conjecture and the Coates-Sinnott Conjecture provide arith- 
metical interpretations of the values Cftr/fc.sO 7 ) —n). They state that when the partial 
zeta functions of the automorphisms of K/k are assembled into one equivariant L- 
function, its values at non-positive integers are related to the Galois module structure 
of the class group and higher etale cohomology groups of K. 

In previous work, the author investigated instead the factors of the individual inte- 
gers WKCK/k^i.o'i 0). The main result of [11] states that when p r is an odd prime power 
factor of wk, the integers WKCK/k,s{.&, 0) are divisible by p r if the group of p-power 
roots of unity in K is Gal(i^/fc)-cohomologically trivial and Gal(A"/A;)-isomorphic to 
a submodule of the class group of K. It is contingent on Brumer's Conjecture for the 
extension K/k. 
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The present article reveals a new interpretation of the integers WK(K/k,s( cr , 0) for 
a special class of degree 2p Abelian number field extensions whose group of p-power 
roots of unity is not Gal(i^//c)-cohomologically trivial: 

Definition. Fix an odd prime number p and let K\/ko be a degree 2p Abelian 
extension of number fields with k totally real and K± totally complex. Let K 
and k\ be the unique intermediate fields with [K : ko] — 2 and [ki : k ] = p. Let 
N: (Clx a ® Z p )~ — > {CIkq ® Z p )~ be the norm map between the components of the 
p-primary class groups of K\ and Kq upon which complex conjugation acts by inver- 
sion. We say Ki/ko is a TK extension if 

(i) The group of p-power roots of unity in K\ is not Gal(i^i/&;o)-cohomologically 
trivial 

(ii) No prime ideal of ko splits in Ko/ko and ramifies in ki/ko 

(iii) The norm map N: (Cl^ <8> Z p )~ — > (C1k <8> Z p )~ has trivial kernel 

If in addition, no prime of k dividing p splits in K /k , we say Ki/k is a TKNS 
extension. 

Proposition 13.11 will show that TK extensions are unramified away from p. Thus, 
the extension ki/ko is an Abelian extension of ko unramified away from p and different 
from the cyclotomic one. One of our main results (Corollary 13.111) states that when 
Ki/ko is a TKNS extension and the number of p-power roots of unity in K\ is p r , then 
p r divides each integer WK 1 (K 1 /k ,s( cr i 0) if and only if there exists a cyclic extension 
of ko of degree p r+1 , unramified away from p and linearly disjoint over ko from the 
cyclotomic Zp-extension. It is contingent on the Brumer-Stark Conjecture for K\jko- 
In fact, the main stepping-stone in the proof is a reduction of the p-local Brumer- 
Stark conjecture for TK extensions to the vanishing of a certain cohomology class 
(Theorem 13.71) . 

Notwithstanding their special nature, it is easy to produce examples of TKNS 
extensions. To concretize Corollary 13.1 1[ the reader is invited to look at the table of 
examples on page 25 computed using the PARI/GP software. Each row represents 
an Abelian extension K\/ko of degree 6. The group of roots of unity in each K\ has 
order 6. A "yes" in the &p column indicates the extension is of type TKNS and so 
satisfies the hypotheses of our main results, Theorem 11.31 and Corollary 13.111 The 
penultimate column contains an element of Z[Gal(ifi/fco)] whose coefficients are the 
values 6CK 1 /k 0l s{ cr i 0)- The last column displays "yes" if and only if there exists a 
cyclic extension of k of degree 9, unramified away from 3 and linearly disjoint over 
ko from the cyclotomic Z3-extension. The reader should observe that the coefficients 
in the penultimate column are multiples of 3 if and only if the final column says "yes" . 
This exemplifies the new interpretation of partial zeta function values being set forth 
in this article. While it is more specialized that given in [11], it lies considerably 
deeper. 



We now elaborate. Let K/k be an Abelian extension of number fields with k 
totally real and K totally complex. Denote the Galois group of K/k by G. Let S 
be a finite set of places of k containing the Archimedean places and the prime ideals 
that ramify in K/k. If p is a prime ideal of k not contained in S, we denote the 
Frobenius automorphism in G associated with p by <t p . For each x i n the group G of 
complex- valued characters of G, the Abelian L-function deprived of the Euler factors 
corresponding to primes in S is defined by 

w.x)=n(i-^) _1 - 

This function converges absolutely and uniformly on compact subsets of Re(s) > 1. 
It can be analytically continued to an entire function excepting a simple pole at s = 1 
when x is the trivial character. 

Definition. The S'-imprimitive equivariant L-function is the function 
&K/k,s ■ C \ { 1 } -> C[G] defined by 

0K/k,s{ s ) = ^2 L K/k,s (s,x) e x , 
in which e x is the idempotent corresponding to x- 

When k and K are the same field, 0K/k,s is just the S-imprimitive Dedekind zeta 
function of k. 

Definition. The S'-imprimitive partial zeta functions (K/k,s( a i s ) are defined through 
the relationship 

0K/k,s(s) = ^ (K/k,s( a i S )°" _1 

The work of Siegel [9] and Shintani [H] mentioned above shows that ^K/fe,s(0) has 
rational coefficients. Let \ik and Cl^ denote respectively the group of roots of unity 
in K and the class group of K, and let Ann Z [ G ] \i K and Ann Z [ G ] Cl^ be their Z[G]- 
annihilators. Deligne and Ribet [2] and Cassou-Nogues |T] obtained bounds on the 
denominators of the rational numbers C,K/k,s{ a i s ) as a consequence of the following 
property of 9 K /k,s( Q ) : 

Integrality Property. Ann z[G] fi K ■ 9 K/k;S {0) C Z[G] 

The Brumer Conjecture refines this while generalizing the analytic class number for- 
mula for Dedekind zeta functions: 

Brumer Conjecture. Ann z[G] [m k ■ 9 K/k>s (0) C Ann z[G] Cl K 

The following proposition is an observation of David Hayes ([7], Corollary 3.2). 
Because [7] is unpublished, the proof is reproduced here. 



Proposition 1.1. When written in lowest terms, all coefficients of 0K/k,s(fy have the 
same denominator, a divisor of wk- 

Proof. Write WK@K/k,s{fy — Ylia^G a v° ^ '• By the integrality property, the coefficients 
a a are integers. For each a in G, let Na be an integer such that Q a = C Na f° r an 
roots of unity ( in K. The key observation is the congruence 

a Ta = Na ■ a T (mod wk), 

which holds for all r, a in G. Since a — Na is in Ann^G] Hk, the integrality property 
shows that (a — N a)w kQ k /k^ify is i n The congruence follows by considering 

the coefficient of r -1 in WK9K/k,s(fy- Because Na and % are relatively prime, it 
follows that gcd(a rcr , wk) = gcd(a T ,w^) for all r, a in G. □ 

David Hayes conjectured that the denominators of the coefficients of #x/fc,s(0) are 
influenced by the arithmetic of K. His investigations [5] , [6] inspired the formulation 
and proof of the following theorem [11] : 

Theorem 1.2. Let K/k be an Abelian extension with Galois group G satisfying the 
Brumer Conjecture. Choose an odd prime number I, and assume that the group 
fix^^i of I -power roots of unity in K is G-cohomologically trivial and G-isomorphic 
with a submodule or quotient of C\k- Set V = \[Xk <S> Then 

w K 6 K/ktS (0)erz[G], 

Unless k is totally real and K is totally complex, 6^/^5(0) is zero and the theorem 
is trivial. This article is a case study of the smallest totally complex extensions of 
totally real fields for which fix <8> is not cohomologically trivial — those K/k of 
degree 2p such that [k(( p r) : k] = 2 in which ( p r is a generator of the group of p-power 
roots of unity in K. We will see that the divisibility properties of u)K0K/k,s(.fy f° r 
most such extensions are regulated by the arithmetic of the extension Kj k in a simple 
way ( Theorems 12 . 5 1 and 1 2 . 6 1) . But for the TK extensions, defined above, the regulation 
is much more sophisticated. 

Our result is contingent on the p-local Brumer-Stark conjecture, which we now 
state. We call an element a of K x an anti-unit if |0(a)| = 1 for each embedding 
(f>: K C If n is a divisor of wk, we call an element a in K n- Abelian (for K/k) if 
the extension K ( tfa) /k is Abelian. 

Brumer-Stark Conjecture. Let 9 = 0K/k,s{fy be the value at of the S -imprimitive 
equivariant L-function of an Abelian extension K/k of number fields. If a is an 
integral ideal in K, then there exists an element e ai K/k,s in K x satisfying: 

(i) a w « e = (e a , K /k,s) 

(ii) £ a ,K/k,s is an anti-unit 

(iii) £ a ,K/k,s is uiK-Abelian. 



The Brumer and Brumer-Stark conjectures have local statements for each prime 
number I, and each is equivalent to the aggregate of its local conjectures. Let I 
be a prime number and set l r = \fix ® Zj|. The /-local Brumer-Stark conjecture is 
obtained by making the following modifications to the Brumer-Stark conjecture: the 
ideal a is chosen to represent a class in Cl^ <g) Zi, and we only require £ a ,K/k,s to be 
/ r -Abelian. 

For odd primes /, Popescu proved the /-local Brumer-Stark and /-local Brumer 
conjectures are equivalent when the /-power roots of unity in K are cohomologically 
trivial. It is therefore natural that an attempt to generalize Theorem 11.21 to exten- 
sions whose roots of unity have nontrivial cohomology requires the Brumer-Stark 
conjecture. 

We now specialize to degree 2p extensions and define new notation. Let p be an 
odd prime number and fix a cyclic extension Ki/ko of degree 2p with ko totally real 
and K\ totally complex. The unique intermediate fields Ko and k\ between ko and 
K\ with [K : ko] = 2 and [k\ : k ] = p are respectively totally complex and totally 
real. Denote the Galois group of Ki/k by G. Let S mm be the set of places of k 
consisting of the Archimedean places and the prime ideals that ramify in Ki/ko- Let 
fiK and \ik x be the groups of roots of unity in K and K\, and set w = \^k \ an d 

If K is one of the fields mentioned above, let be the set of places in K above 
those in S mm that do not split in Ko/ko- Let Co and CCi denote the cokernels of 
the canonical maps of S class groups Cl^s™ — > C\k ,s™ o and Cl&^sjM — >■ CIr^s^ . 
Proposition 2.2 in [12] shows that the norm map iV: (£i — > £ is surjective. We denote 
its kernel by ^. For simplicity, we also write 

£o,p = £o ® Z p , £x jP = £i <8> Z p , Rp = & <g> Z p 

Lemma 2.1 in [12] shows that for % = or 1, (£j iP is isomorphic to (Cl^ ® Z p )~, the 
component of the p-primary part of the class group of Ki upon which complex conjuga- 
tion acts by inversion. Further, one can deduce that through these isomorphisms that 
&p is isomorphic to the kernel of the norm map iV: (Cl^ <g> Z V Y — > (Cl^- (g) Z p )~ . 
Thus, for TK extensions, &p is trivial. 

Recall that £ a ,K 1 /k 1 ,si s denotes the element corresponding to the ideal a through 
the Brumer-Stark conjecture for the quadratic extension K\jk\ and Sf*. Our main 
result is: 

Theorem 1.3. Let K 1 /ko be a TK extension for which the p-local Brumer-Stark 
Conjecture holds. Set \fi Kl <g>Z p \ = p r . The following are equivalent: 

(i) Wi0 Kl/fcOi5 min(O) is mp T Z[G] 

(ii) As a runs through classes in (Cl^ ®Z p )~ , the elements £ ,ifi/fei,5 ns can be 
chosen so that their p r th roots generate a cyclic extension of k of degree 



2p r+l , unramified away from p and linearly disjoint over k from the cyclo- 
tomic Z p - extension. 

For conditions (i) and (ii) to hold, it is necessary that there exist G -isomorphisms 

{c\ Ko ® Zp)- ^ (c\ Kl ®z p y ^ n Kl ® z p 

Remark. It is easier to show the equivalence of condition (i) with condition (iii): 
the elements e ^/fco s^™ can be chosen so that their p r th roots generate a cyclic 
extension of ko of degree 2p r+1 , unramified away from p and linearly disjoint over ko 
from the cyclotomic Z p -extension (see Theorem 13. 9j) . Condition (ii) states instead 
that £ a Ki/ki 5 ns ; which the Brumer-Stark conjecture says is p r -Abelian for K\jk\, is 
actually p r -Abelian for K 1 /ko. 

When Ki/ko is a TKNS extension, we will show in Corollary 13.111 that the condi- 
tions of Theorem 11.31 are equivalent to condition (iv): there exists a cyclic extension 
L/ko of degree p r+1 , unramified away fromp and linearly disjoint over k from the cy- 
clotomic Z p extension. In addition, L (£ p 2r+i) + is then the maximal Abelian exponent 
p r+1 extension of k unramified away from p. Finally, if Ki/k is a TKNS extension 
and (C1k Cg> Z v y ^ fi Ko <g> Z p , we prove in Corollary 13.121 the p-primary Leopoldt's 
conjecture for /c ; the only Z p extension of ko is the cyclotomic one. 

Theorem 11.31 is a consequence of the equivalence of the p-local Brumer-Stark con- 
jecture with the vanishing of a cohomology class in H 1 (Gal(Ki/Ko), /jl^ ® Z p ) whose 
definition involves the partial zeta function values Cii"i/fc ,s min ( cr ' 0) ( see Theorem 13. 7p . 

Examples of TK and TKNS extensions and computations illustrating the main 
results for these examples are provided in Section HJ 

2. The simple case: non-TK extensions 

The remainder of this article makes frequent use of results from Sections 2 and 3 
of [12]. The reader is invited to read these sections now. 

We recall again the notation introduced in Section [TJ Fix an odd prime number p 
and a cyclic extension Ki/ko of degree 2p with fc totally real and K\ totally complex. 
The unique intermediate fields K and k\ between fc and K\ with [K : ko] = 2 and 
[ki : ki] — p are respectively totally complex and totally real. Denote the Galois group 
of Ki/ko by G. Let S mm be the set of places of ko consisting of the Archimedean 
places and the prime ideals that ramify in Ki/k . Let hk and \ik x be the groups of 
roots of unity in K and K\. 

If K is one of the fields mentioned above, let be the set of places in K above 
those in S mm that do not split in K /ko. Let (Co an d <£i denote the cokernels of the 
canonical maps of S class groups Clfc 5ns — y C\k s ns an d Clfc 1 s ns Cl^, 5ns . We 
let ^ denote the kernel of the norm map N: d — > Co- For simplicity, we also write 
£o,p = ® Z p , Ci jP — C± ® Z p , and & p = M <8> Z p . 

We introduce new notation as well. Let r and a be elements of orders 2 and 
p in G (so that r is complex conjugation). Let Nh be the norm element in Z[G] 



corresponding to H = Gal(Ki/ K ). Let \ be a generator of the group of character 
group G. For i — or 1, we write (Clj^ ® for the component of Cl^ upon which 
r acts by inversion. 

Set w = \^k \i W\ = I/ArtJ, and p r = \hki ®^ p \- Let ( p r be a generator of the 
group of p-power roots of unity in K\. Let q — and note that the exact power 
of p dividing q is either p° or p 1 . If p divides Wq, then the power is p 1 precisely 
when the p-power roots of unity in K\ are G-cohomologically trivial. That is, the 
group of p-power roots of unity in K\ is not G-cohomologically trivial if and only if 

K = k ((pr). 

Replacing S mm with a larger set of places only produces weaker results. Therefore, 
we will only consider 5' min -imprimitive L-function values in what follows. 
Set 9 = 9 Kl / ko S min(0) and split it into two pieces, 

9o = L Kl / ko>S min (0, x p ) e x p 

and 

2p-l 

9\ = 2^ -^^i/fco,s ,min e xM 
1=1 

i odd 

in which e x * denotes the idempotent corresponding to x l - The value L Kl / ko> smin (0, \ l ) 
is when i is even (including when i = since IS 1 ™ 1 "! > 2), so 9 = 9q + 9\. 

Proposition 2.1. Let K\jko be a degree 2p cyclic extension with Galois group G. If 
some place in S mm splits in Ko/ko, then 9q = 0. Otherwise, 

0o = -0N H , 
p 

in which 9 is the lift o/ #K /fc 0i smm to given by 

~9 = — 2l 5mm h 2 |C |(l-r). 

Proof. The inflation property of (S^Mmprimitive) Artin L-functions shows that 
L Kl / ko S min (0, x p ) — L Ko / ko ^ S min (0, ip) , where ip is the nontrivial character on G&\(K Q /ko) 
Combining this with the definition of 9q yields 

a t fn ^ N H^-r 

y — -^K"o/fc ,5 min l U 5 W) 7) — 

p L 

The formula 9 = ^9Nh then follows from Tate's determination [131 §3, (c)] that 
Ljc o / koi smin(0,ip) = when some prime of S min splits in K /k and otherwise 



(1) L Ko/kQiS *nin(0,1p) 



" x |«6| 



w 

□ 



The preceding proposition shows that 9 is in Q [G] ; it follows that 9 X is in Q [G] 
as well. 

Lemma 2.2. 9\ has the following properties: 

(i) N H e 1 = o 

(ii) 9 X is in iZ[G] 

Proof. The orthogonality relations imply that iV#e x i = unless i is divisible by p. 
The first condition thus results from the definition of 9\. 

The integrality property of 9 = 9 Kl / k(hS min(0) shows that (1 — a)q6 is in Z[G]; hence, 
so is (nf=i(l — Q0- Property (ii) then follows from Property (i), Proposition 12. H 
and the computation nf=i(l — c % ) = p — Nh (see [12] Lemma 2.6). □ 

Proposition 12.41 gives more refined p-divisibility information about the coefficients 
of 9\. We need a lemma: 

Lemma 2.3. If ui is in Q[G], then there exists a w = X]f=o ai ° % ^ n suc -h that 

O j0 1 = (1 - a)a u (l - t). 
If uj6\ is in 7L\G\, then can be chosen in Z[H]. 

Proof. Because all characters in the sum defining 9% are odd, ud\ has the form 

p-i 

u9 1 = Y,c i a i (l-T). 

i=0 

with coefficients q in Q. Property (i) of Lemma 12.21 shows that ^2^=0 c « = 0- The 
present lemma follows by setting 

P-2 / i \ 
i=0 \fc=0 / 

Proposition 2.4. Let Ki/k be a degree 2p cyclic extension with Galois group G. 
Assume that the p-power roots of unity in K\ are not G-cohomologically trivial. 

(i) If &p is nontrivial, then 9\ has p-integral coefficients. 

(ii) If Rp is trivial, then p9i has p-integral coefficients while 9\ does not. 

Proof. Lemma 12.31 shows that we may write 

p-2 

9 1 = {l-o){l-T)Y J dia l 

i=0 

for some rational numbers di with i — 0, . . . ,p — 2. 

Let C P be the pth root of unity for which x{°) = Cp- Proposition 2.5 in [12] says 

(2) iV Q{Cp)/Q ( X (^ 1 )) = i2^ 1 )^l^l|^| 



where -Wq(c p )/q is the field norm and Si and S 2 are subsets of S mm (in fact, since S mm 
is minimal, it can be shown that S2 is empty). 
Combining the above two equations, we find that 

*q«,)/q ^E<)=^ imhl V fla| - 1 W 

Since the p-power roots of unity in Ki are not G-cohomologically trivial, q is 
relatively prime to p. Thus, if &p is nontrivial, the above norm is p-integral. As the 
elements { 1, £ p , . . . , C,^~ 2 } form an integral basis for the ring of integers in Q(C P ), the 
coefficients di are all p-integral. Thus, the coefficients of 81 are p-integral too. 

If &p is trivial, then the above norm is not p-integral, hence neither is Yli=o diC P - 
On the other hand, the norm of p YmZq diQ> * s a p-integer, so as above we find that 
the coefficients of p9i are p-integral. □ 

Theorem 2.5. Let K\/ko be a degree 2p cyclic extension with Galois group G. Set 
Wi — l^Kil and p r = \[Ik 1 ® Assume that 

(i) fix! ® Z p is not G-cohomologically trivial, and 

(ii) &p is nontrivial. 

If some place of ko splits in K^/ko and ramifies in ki/k$, then Wi9 Kl / koS min(0) is in 
p r Z[G]. If no such place exists, then for < s < r, Wi9 Kl / ko> s^(0) is in p sr L[G] if 
and only if p s+1 divides \ {C\k <8> Z p ) |. 

Proof. Combining conditions (i) and (ii) with Property (ii) of Lemma 12.21 and Propo- 
sition |2]H we find that u>i#i is in p r 7h\G\. 

If some place in S mm splits in K /k , then 9 = by Proposition 12.11 Such places 
are exactly those that split in K /ko and ramify in ki/ko. Hence, if such a place 
exists, then Wi9 Kl / koS min(0) is in p r 7L\G\. 

If no place in S mm splits in K Q /ko, then Proposition 12. II shows that the coefficients 
of WiOq have the same p- valuation as — . Thus, wi9 Kl / koS ^n(0) is in p s Z[G] if s < r 
and p s+1 divides \<£ \. Conversely, if 9 Kl / koS min(0) is in p s Z[G] with s < r, then p s+l 
divides |Cq|- The result then follows from Proposition 2.1 in [12], which shows that 

e ® z p = (c\ Ko ® z p y . □ 

Theorem 2.6. Let Ki/ko be a degree 2p cyclic extension with Galois group G. Set 
wi = \hki\ and p r = \^Ki ® %>p\- Assume that 

(i) fixx <E> ^ P is not G-cohomologically trivial 

(ii) &p is trivial 

(iii) Some place of k Q splits in K /ko and ramifies in ki/k 
Then ^i^A'i/fe o ,s min (0) ^ s i> n P r ~ 1 '^ j [G\, but not in p r Th\G\. 

Proof. Combining conditions (i) and (ii) with Property (ii) of Lemma 12.21 and Propo- 
sition EiU we find that Wi9i is in p r ~ 1 Z[G], but not in p rr L[G}. A place of k that 



splits in K /k and ramifies in ki/k is in S mm . Proposition 12.11 shows that 9 = 0, 
which implies the theorem. □ 



Note that all Abelian degree 2p extensions K\ / fc for which the group of p-power 
roots of unity in K\ is not cohomologically trivial fit the hypotheses of either Theorem 
12.51 or Theorem 12.61 excepting the TK extensions. For those, the situation requires a 
more careful analysis. 

3. The sophisticated case: TK extensions 

We retain the notation introduced at the beginning of Section [2J To begin, we 
identify properties of TK extensions that further reveal their exceptionality. 

Proposition 3.1. If K\/ko is a TK extension, then 

(i) Ki/k is unramified away from p 

(ii) (CIk ® Z p )~ and (CIr-j ® are isomorphic nontrivial cyclic groups with 
trivial Gal(Ki/ K ) -action 

Proof. Condition (i) follows from Lemma 3.4 in [12] (note that the case appearing 
in that lemma consists of extensions for which the group of p-power roots of unity in 
K\ is not G-cohomologically trivial and for which no prime ideal of k§ splits in K /ko 
and ramifies in k\/ka). 

The isomorphism in condition (ii) follows immediately from the surjectivity of 
the norm map N: — > £q jP and the triviality of its kernel. Because N is a H- 
isomorphism, H acts trivially on £i tP - The cyclicity follows from Lemma 3.3 in [12] 
and the assumption that &p is trivial. Finally, the nontriviality in (ii) is a consequence 
of Lemma 3.5 in |12] . □ 

In the next proposition, we set for convenience e(a) = £n Ki/Kq a.i^o/fco.S" 1111 ' an e l emen t 
(defined only up to a factor of a root of unity) associated with Nkx/KoO- by the Brumer- 
Stark conjecture for K /ko and S mm . 

Proposition 3.2. Assume that no prime ideal of k splits in K /ko and ramifies in 
k\/ko and that the p-power roots of unity in K\ are not G- cohomologically trivial. For 
each ideal a representing a class in C\k 1 ® the element e(a) is in K^ p hk 1 - 

Proof. Set & = 6 Ko/k0)S min(0). 

First, suppose that the p-rank of the group <£ is at least 2. Equation flTJ implies 
that (see [12] Lemma 3.1 for details) 

N^/k a p = (7) 

for some anti-unit 7 in K . It follows that (e(a)) = (7 P ), and the theorem then follows 
from the fact that both of e(a) and 7 P are anti- units. 



Otherwise, suppose that €o )P = Z/p*Z. Using Tate's determination of the equivari- 
ant L-function value at for quadratic extensions ([121 §3, (c)]), the lift of the ideal 
(e(a)) to Ki is then equal to 

a 7V H 2l smin l- 2 |<ro|(l-T) _ a iVHp*c(l-T) 

for some integer a As a NtI is the lift of a fractional ideal of K , Lemma 3.5 in [T2] 
shows that the class of a H has order dividing p l ~ x in A\. Thus, there is an element 
7 in K* such that 

and thus, e(a) and jP^ 1- ^ generate the same principal ideal in K\. As ; yP c ( 1 ~' r ) and 
e(a) are anti-units, they differ by a factor of a root of unity. □ 

In the next proposition, we write \x v for the group of pth roots of unity in K . 

Proposition 3.3. Assume that no prime ideal of ko splits in K^/ko and ramifies in 
ki/ko and that that the p-power roots of unity in K\ are not G-cohomologically trivial. 
Set p r = \hk-i ® Z p |. For each o in H = Gal(Ki/K ) and ideal a in K\ representing 
a class in Cl^ ® 7L p , there exists an anti-unit 7 CT (a) in K\ for which 

(i) a (-i)^ = (7a(a)) . 

(ii) 'Nki/Ko (la (<*)) is a p r th root of unity. 
Moreover, the map from H to \i v given by 

is a well defined cohomology class in if 1 (if, /x p ) = Hom(H , fi p ) . 

Proof. Set 9 = 6 Kl /fc 5min(0). Proposition [2JJ shows that (er — l)q9 — (er — Y)q6\. The 
Integrality Property of 9 implies that (er — l)q9 is in Z[G], hence so is (er — l)q9%. 
Lemma 12.31 then shows that we may factor 

(a-l)q9 1 = (<r-l)a(l-T), 

with a in Z[if]. 

Proposition 2.5 in [T2] gives 

^(W/Q(x(a))=^ a 2^WI-V a| l«l 

for some subsets Si and 5*2 of S mm . Let O = Z [( p ] be the ring of integers in the 
cyclotomic field Q (( p ). Through the isomorphism 

X : Z[H]/N H O, 

& is endowed with an (9-module structure. Hence, we may rewrite the above expres- 
sion for the norm of xi a ) m terms of absolute norms of ideals in O: 

m ((x (a))) = q ^ 2 m (2^\-\i - g |52| Fit (*)) , 



in which Fito denotes the zeroth Fitting ideal. Since there is only one prime ideal in 
O dividing p, we find that a annihilates &p. 

Now a " -1 represents a class in &p. Thus, a (CT ~ 1 ' )Q = bc(r/), where b is an ideal in K\ 
divisible only by primes in , c is the lift of an ideal from k\ to K\ , and rj is in K* . 
Since b and c are both fixed by r, it follows that 

a (<x-i)<z0i _ a (<r-i)o(i-T) _ (y~ T ) . 
We see immediately that Nx 1 /K { r ] 1 ~ T ) 1S an anti-unit in K and that 

(N^o = al*- 1 *** = (1). 

It follows that N Kl / Ko {rr x ^ T ) is a root of unity in K . Since the p-power roots of 
unity in K\ are not cohomologically trivial, they are all contained in Kg. Write 
Nk-l/Ko (v 1t ) = Cp^i~ P i where £ is a root of unity in K of order relatively prime to 
p. Then the element 

iM = iv l ' T 

satisfies conditions (i) and (ii) of the proposition. 

Because the element 7 CT (a) is an anti-unit, conditions (i) and (ii) specify it uniquely 
up to multiplication by a root of unity (J in \i\ such that Nx 1 /k (C') is a p-power root 
of unity. If (' = tfr^' where £' has order relatively prime to p, then N Kl / Ko (£') = 1. 

Therefore, since ( p r is in K , N Kl / Kf) ((') pr = 1. It follows that N Kl / Ko (j c (a)) p 
is independent of the choice of 7<j(a). 

Finally, the factorization a n — 1 = (c — l)($^I!=o °"*) shows that for a fixed generator 
a of H, we may choose 

7 ff n(a) = 7a(a) E £° V 

With this choice, 

N Kl/Ko ( la n(a)) = N Kl/Ko {lM)) n , 
so the map in the proposition is indeed a well-defined element of H 1 (H,fi p ). □ 

Theorem 3.4. 5"ei 9 = 9 Kl / koSrn in(0) . Assume that no prime ideal of k splits in 
K /k and ramifies in ki/ko and that the p-power roots of unity in K\ are not G- 
cohomologically trivial. For every fractional ideal a representing a class in C\k 1 CS>Z p , 
qWi$ ^ principal, generated by an anti-unit. 

Proof. Since p divides Wq, Lemma shows that Wi9i is in Z[G]; hence, the Integrality 
Property of 9 shows Wi9 is in Z[G]. We prove the theorem by showing each of a Wld ° 
and a Wl01 is principal, generated by an anti-unit. 

Choose 7<7 (a) satisfying a^" 1 ^ 1 = (7 CT (a)) as in Proposition 13.31 We compute 
n?=i — 1) = V ~ Nh (see [12] Lemma 2.6) and use Lemma [2T21 to find 

a « 1 fc = ( 7<r(fl) ^n&V-i)). 



Next, letting Ok x denote the ring of integers in K\, Proposition 12.11 shows that 

= {N Kl/Ko a) qwo6 ^o^ q Ki 

Since K and K\ have the same number of p-power roots of unity, Proposition 13.21 
shows that we can choose e(a) (defined only up to a factor of a root of unity) so that 
%J e(a) is an anti-unit in K\. It follows that 

Unique factorization then proves a" 116 * is principal, generated by the anti-unit ^/e(a) q . 
Finally, 

(3) = ^M^^- 1 " ■ <m Q ) □ 

Our next result shows when the p-power roots of unity in K\ have nontrivial co- 
homology and no prime ideal of ko splits in K^/ko and ramifies in ki/ko, the p- local 
Brumer-Stark conjecture for Ki/ko is equivalent to the equality of two arithmetically 
defined cohomology classes in For each fractional ideal a of K% repre- 

senting a class in Cl^ <g) Z p , we let e(a) be an element in K fl K* p associated with 
Nk-l/KqQ by the Brumer-Stark conjecture for K /k . For each a in H = Ga\(Ki/ K ), 

r— 1 

we let N Kl / Ko (7 CT (a)) p be the pth. root of unity from Proposition 13.31 For each a 
in Ko PI K* p , we let (a, a) Kum denote the Kummer pairing with the element a of H . 

Theorem 3.5. Set 9 = O^/^^miniO). Assume that no prime ideal of ko splits in 
Ko/ko and ramifies in ki/ko and that the p-power roots of unity in K\ are not G- 
cohomologically trivial. The existence of an element £ a ,A:i/fco,s min satisfying the condi- 
tions of the p-local Brumer Stark conjecture for Ki/ko: 

(i) a Wl9 = (£ a ,Ki/fc ,s min ) 

(ii) £ a ,ifi/A:o,s min i s an anti-unit 

(iii) £a,ifi/A;o,,s min i s p r -Abelian. 
is equivalent to the equality 

(^e(a)y Kum = N Kl/Ko ( 1(7 (a)r /p , 

Remark. That e(a) can be chosen in K fl K 1 P is a consequence of K Q and K\ having 
the same number of p-power roots of unity and Proposition 13.21 Note that our choice 
of e(o) only defines it up to a factor of a root of unity in K of order dividing but 
the condition on the Kummer pairing is unaffected by such a factor. 

Proof. Theorem 13.41 shows that properties (i) and (ii) hold without contingency: equa- 
tion ([2]) shows a Wl8 = (rj), where 



Let N a be an integer for which ( a = ( Na for all roots of unity ( in Saying 
K\ ( p ^/f]) /ko is Abelian is equivalent to saying rf~ Na is in K* p (see, for instance, 
the end of the proof of case A$ of Theorem 4.2 in |12j.) Since Na = 1 (mod p r ), this 
is equivalent to 

i] a = 7 CT (o) p ve G K 1 y . 
Finally, this is equivalent to 

ML m (N^„(7 ff (a)))"6C. 

Since the quantity on the left is a pth root of unity, it is 1, the condition of the 
theorem. □ 

Remark. If the p-rank of (Co is at least 2, then (a, £(a))Kum — 1 follows immediately 
using Proposition 12.11 Using Lemma 3.3 in [T2] and Equation 02]), it is possible 
to show that Nk 1 /k (1ct( < ^)) Wo ^ p — 1- Theorem 13.51 then shows that the p-primary 
Brumer-Stark conjecture holds under the hypotheses of the theorem and the addi- 
tional hypothesis rk p ((Co) > 2. This is also a consequence of Theorem 4.2 in j!2j . 

By the above remark, the cohomological condition of Theorem 13 .51 is most interest- 
ing when the p-rank of (Co is 1 (it is impossible under the conditions of [375] for Co <8> ^ P 
to be trivial — see [12] Lemma 3.5). Proposition 13.11 shows that this happens in 
particular for TK extensions. For those, we will provide an alternative characteriza- 
tion of the p-primary Brumer-Stark conjecture. This will make explicit a connection 
between the Brumer-Stark conjecture and the coefficients of ^ 1 /jt 0) 5min(0). 

Definition. Let Ki/ko be a TK extension, and set p r = \/j,k 1 ® %p\- Foy 1 < i < r, 
let fipt be the group of p l th roots of unity in K\. For each integer t > 1, the nth 
modified radical group associated to the extension K\/Kq is 

2U n = { u e K x | v*' 1 e K* pn /j p r }. 

If 1 < ni < n 2 , then QU ni ~D 2H„ 2 . Also, fl n >i2U n is the usual radical group for the 
extension, consisting of those u for which u a_1 is in \i v . 
If u E 2U n and uj a ~ x = S^C, then we write 

( a > w ) Ku m = C and (a, w) N = N Kl/Ko 8 a . 

Note that there is a unique decomposition w " -1 = when n > r, but in general, 
the symbols need not be well defined. The symbols (•, -) Kum anc ^ ('> ')n nave the 
following properties: 

Properties of (a, -)Kum and (<?", - )n- 

(i) i?oi/i (a, u;)^ and i/ie product (cr, w) Kum (cr, u;)^ are elements of fi p and 
are independent of the decomposition co = 5 pn £. 



(ii) Ifn>r, then (cr,w) Kum is m \i p . 



(iii) The maps (•, •)£ , (•, Okuhi ('> ')n ; and ( when n>r) 
morphisms, hence define elements of H X (H, fi p ) 



)Kum are bihomo- 



(iv) The maps (cr, -) Kum (cr, and (cr, -)Kum ^ n cases and (ii) respectively 

restrict to the Kummer pairing (a, -)Kum on the usual radical group. 



(v) Ifn > r, the kernel of (a, -) Kum 
in QU„ . 



consists of the p r -Abelian elements for K\j 'K Q 



Lemma 3.6. Let Ki/k be a TK extension. Let a be an ideal representing a class 
in C\k x <8> Z p . Let p 1 = \£o, p \- Then a p ( 1_T ) = (w(o)) for some anti-unit tu(a) in the 
modified radical group 2Bt of K\ / Kq . 

Proof. Proposition 13.11 and Lemma 2.1 in [12] show that €o, p and Cx iP are both iso- 
morphic cyclic groups with trivial if- action. As (£i is cyclic of order p f , there exists 
an anti-unit co(a) in K\ satisfying a p ^ l ~ T > = (w(o)). As J^, is trivial, there exists 
an anti-unit 8 a (a) in K 1 such that a^ _1 ^ 1-T ^ = (cv(a)). The anti-units u(a) a ~ 1 and 
S a (a) p thus generate the same ideal of K\. Hence, there exists a root of unity ( in 
K\ such that 

(4) ^(a)- 1 = C6 a (af. 

Adjusting ( and S a (a) by roots of unity of order relatively prime to p if necessary, we 
can arrange for ( to be a p-power root of unity. The above equation then shows that 
w(o) is in fflJ t . □ 

Theorem 3.7. Lei Ki/k be a TK extension with Galois group G. Let b and b\ be the 

coefficients of the identity automorphism 1q in 9 and 9\, so pbo = ( Ko / k0j smia(lG, 0) 
andbo+bi = (K 1 /k ,s min (^G, 0). Letp r = \^K\ ®Z p | andp f = \£o,p\- Fixa representing 
a class in Cl^ £g>Z p , and let u(a) be the element ofWOt from Lemma WTSi The p-local 
Brumer- Stark conjecture for Ki/ko holds if and only if 



cr. 



0,(0)) 



Kum 



(<7,w(a)) 



Kum 



(a,w(o)) 



Kum 



(<r,a;(a))*j 

<7,W(0))5 



bo 



ift < r; 
ift 



r. 



1, ift>r. 



Remark. Equation (TjQ) and the following proof will show that £> r ~'f^ is in Z* . The 
expressions were written in this complicated fashion to make explicit the appearance 
of the bihomomorphisms from above. Each equation in the theorem expresses the 
triviality of a certain class in H 1 (H,fi p ). 



Proof. First, observe using Proposition 12 . 1 1 that -j^bo is an integer prime to p. Also, 



compute (a — l)(X)i=o (P~ 1 ~~ = ^H—p- Define £ and 6^(0) through the relation 
^(a) "^ 1 = (5 a (a) pt (see Equation 01])). The ideal in K\ generated by the element e(a) 
associated with the ideal N^/KqR by the Brumer-Stark conjecture for K /k and S mm 
is 

The choice of e(a) in K fl K* p per the remark following the statement of Theorem 
13.51 can then be the generator on the right. Then 



(<r,e(a)) 



Kum 



w 



to 



(5 a (a) pt ■ S a (a 



Ti 



We will now express the pth root of unity N Kl / Ka {^ a {a)) p from Proposition 13.31 
in terms of 5 J a). Write 



(a -I 



(a-l)a(l-r) 



with a in as in the proof of Proposition 13.31 By definition, an element 7 CT (a) as 
given by Proposition 13.31 generates the ideal 

( 7(J (a)) = a^ 1 -^ = (5 CT (o) Q ) . 

Equation (j4j) shows that /^ Q (5 CT (a)) is a p-power root of unity. Thus, we may 
choose 7o-(a) as per Proposition 13.31 to be 5 a (a) a . Then 



> K t >K MO)) 1 =^K 1 /K 

The condition (0", £)^ um = N Kl / Ko (7 o -(a)) u,0 ^ p of Theorem 13.51 is thus equivalent to 



NA,/ Ko (5 ff (o)) p ~ " 

\Wo/p 



(5) 



Kum 



t-1 »0 tun 

P = (tf ff (a))T- 



Lemma 12.21 shows that pg&i is an integer, and Proposition 12.41 shows that it is 
relatively prime to p (note that q is relatively prime to p since \Ik x ® Z> P is not 
cohomologically trivial) . 

The definition of a shows that qd\ and a(l — r) differ by a multiple of iV#(l — r), 
say 

a(l -t) = q9x + cN H {l-r). 



As a is in Z[if], cp = —pqb\ (modp). Applying N H to both sides of the above 
equation then yields, using Lemma [2.21 

aN H (l - r) = cpN H (l - r) = -pqb x N H {l - r) (mod pZ[G]), 

hence aN H = —pqbiN H (mod pN H Z[H}). 

UJQ 

Since N Kl / Ko (S a (a)) p is a pth root of unity, we may rewrite the right side of 
Equation (jSJ): 

"(a,u;(a)) Kum (a,u;(a))f 'J'" ° = k(a)>"* 

= N Kl/Ko (5 CT ((a)))- lfel 
By definition, (cr,w(a)) N = N Kl/Ko (S a (a)). Thus, 



^r,u;(a)) Kum (a,w(a)) 



^1 L 



1 



Observe using Proposition ^. H and Lemma [2T21 that ^t&o an d ^t^i are m Z* • Taking 
-r^rbo-th roots of both sides gives 



(^w(a)) Kum (<r,w(a)) 



(<7,w(a))£ 
= 1 if t > r. 



p l 'ft 



□ 



The theorem now follows since (a, a;(o))^- 

We now prove our main result: 

Theorem 1.3. Let Ki/k Q be a TK extension for which the p-local Brumer-Stark 
Conjecture holds. Set \fi Kl £g> Z p | = p r . The following are equivalent: 

(i) wi6» E - l/fcOiS min(0) is inp r Z[G] 

(ii) /Is a runs through classes in (Cl^ ®Z P )~, i/ie elements s a ^K 1 /k 1 ,si B can ^ e 
chosen so that their p r th roots generate a cyclic extension of k of degree 
2p r+l , unramified away from p and linearly disjoint over k from the cyclo- 
tomic Z p - extension. 

For conditions (i) and (ii) to hold, it is necessary that there exist G -isomorphisms 

(Gl Ko ® Zp)" 9* (Gl Kl ®Z p y = fi Kl ® Z p 

Proof, (i) — > (ii): Set p* = |(£ |- Since is trivial, Proposition 12.41 shows that the 
normalized p- valuations of the coefficients of Q\ are all —1. Proposition 12.11 shows 
that r = t. The necessary condition is then a consequence of Lemma 2.1 in [12J and 
Proposition 13.11 (ii). 

Now apply the result of Theorem 13.71 Choos an ideal o representing a class of order 
p* in (Cl^j (g) Zp) - , let u(a) be the element of 2H t from Lemma [3761 Since the p-local 
Brumer-Stark conjecture for Ki/ko holds, 



(a,w(a)) 

Kum 

(a,w(a)) 



b 



Condition (i) says precisely that 60 + &i is p-integral, and thus the exponent on the 
right is in pZ p . It follows that (cr, w(o)) Kum = 1. By property (v) of the symbol 
(■> Oxum' the held L = Ki( p {fu(a)) is Abelian over k (not just K , since o;(a) is an 
anti-unit). 

As a has order p* in (Cl^ <g) Z p )~ and (cu(a)) = a p ^~ T \ u(a) is not in K* p fj, Kl . 
Thus, [L: Ki] = p r and L is disjoint over K\ from the cyclotomic Z p -extension of K\. 

If b represents another class in (Cl^ ® Z p )~, then there exists an exponent c such 
that b and a c differ by a factor of a principal ideal. Therefore, uj(b) can be chosen 
so that it differs from u(a) c by an element of K 1 p . It follows that the numbers a; (a) 
as a runs through the ideals representing classes in Ai can all be chosen so that their 
pth roots lie inside of L. 

Next, we prove the claim: 

Claim. The Galois group of the extension L/K is not isomorphic to Z/p r Z x Z/pZ. 

Accepting the claim for now, the implication (i) — > (ii) follows immediately from 
Tate's formula for Ljfi/Ai s ns (0) (Equation rtTF) in Proposition 12. ip : 

1 1 fc l 

Choose e (a, Ki/ki, S™) to be the generator on the right. The exponent on this 

generator is an integer relatively prime to p, so p {/u(a) and p y s (a, Ki/ki, Sfy 
generate the same extension of K\. 

Proof of Claim. Assume, to reach a contradiction, that Gal(L/K ) is isomorphic to 
Z/p r Z x Z/pZ. Since LjK\ is cyclic, there is a unique subfield of L of degree p r_1 over 
i^x- By assumption, Gal(L/_K" ) has multiple subgroups of order p, so there exists a 
field F not containing K\, Abelian over ko, with Kq G F G L and [F: ifo] = p r . Since 
F is abelian over ko, there exists an anti-unit a in (F X ) r for which F ( = F. 
It follows that Ki ( \/a) = L, since otherwise, a would be a pth power in Ki, and 
then Fi = K {tfa) would be a subfield of F. 

There is thus an integer c relatively prime to p such that a differs from u(a) c by 
a factor of a p r th power. By definition, u(a) c is the p r th power of an ideal, so the 
ideal in K generated by a can be written as b pT c for some ideal c in K supported 
at places that ramify in K\/Kq. 

Because no prime ideal of ko splits in Ko/ko and ramifies in k\/ko, the ideal c 1_T is 

trivial. Applying 1 — r to (a) = b pr c and recalling that a is in (iTj*)* 1 T \ we obtain 
(a 2 ) = b pr ^~ T \ If b pT 1(1 ~ T ) were trivial in £0, then applying 1 — r, we would find 
b 2p ' 1 ( 1_T ' = (/3 1_T ) for some (3 in Kq . Then a 4 = (5 p<yl ~ T \ for some root of unity 
(, so Ki(lfofi) would be a degree p extension of ifj contained in both L and the 



.21 



L) 




p-cyclotomic Z p -extension of K\, a contradiction. The equality (a 2 ) = b^ 1 T > thus 
shows the class of b pT 1 ( 1_T ) has order p in Co- 

Lemma 3.5 in [12] shows that the lift of b pr < - 1 ~ r ) to K x is principal. Applying 
p{\ — t), we find there is an element £ in K\ such that (a 4 ) = (£ P ^~ T )), and hence 

w(a) 4c differs from £p( 1_t ) by an element of K* p hk x - Thus, K\ {^J uj(v) J is a de- 
gree p extension of K\ contained in both L and the p-cyclotomic extension of K±, a 
contradiction. We have now shown that L/Kq is cyclic of order p r+1 . 

(ii) — > (i): Let a be a prime ideal not dividing p representing a class of order p l 
in €1, so a T ^ a. Proposition 12.11 shows that the power of a dividing e^id/ki^ is 

gns 2 

2 1 fc i! | As a is unramified in the extension of K\ generated by the p r th root of 
£ a TS A lh A Cns it follows that p r must divide Thus, t > r. 

Let L be the extension of K\ in statement (ii). Proposition 12. II and our assumption 
(ii) imply the generator oj(a) of a p ( 1_r ) can be chosen to make P ^J uo(a) generate L/Ki. 
As t > r and L is Abelian over K , Property (v) of (■, -)Kum shows (cr, w(a)) Kum = 1. 
Theorem 13.71 then yields: 

((7 )W (o))n ^ , ift = r. 
(^(a))^, if t>r. 

r— 1 

Lemma [3T81 below will show that (a, u(a)) P <j ^ 1. The theorem follows immediately, 
since when the above exponents are considered in Z p , their p- valuations are r — 1 
except the first one when 6 + b\ is p- integral, i.e., when the coefficient of the identity 
map in 6 , _ft- 1 /fc ,5mi n (0) is p-integral. The theorem now follows from Proposition ll.il □ 

Lemma 3.8. Let Ki/k be a TK extension. Set \p>Ki ® ^pl — P r an d \£i, P \ = p l , and 
assume that t > r. Let a be an ideal representing a class of order p l in C 1; and let 
cu (a) be the element of the modified radical group W t of Ki/K from Lemma XTIh If 

(<r,w(a)) Kum = 1, then (<7,w(a))£ * + 1. 

i — 1 

Proof. Assume, to the contrary, that (o~,u(a)) K = (a, w(o))^ = 1. Then we have 
w (a) CT - 1 = 5 pt with N Kl/Ko 8 pr ^ = 1. By Hilbert's Theorem 90, there exists 7 in 
such that 5 pT 1 = 7 <J ~ 1 . Then w(o) = 7 pt r+1 f] for some 77 in Kq . Thus, 

N Kl/Ko (u;(a)) = N Kl/Ko ^ t ~ r+1 )v p , 

so A 7 x 1 /K ( a; ( C1 )) is a pth power in K . But Proposition 2.2 in [12] and the assumption 
that Ki /ho is a TK extension show that the norm map N : £1 — > (£ is an isomorphism, 
thus iVV 1 /i<'oCi 1_ ' r represents a class of order p l in £ - We obtain a contradiction by 
observing then that (N Kl / Ko (ui(a))) = N Kl / Ko a pt ^~ T ^ cannot be the pth power of a 
principal ideal. □ 



The analogue of Theorem 11.31 with £ ai Ki/fc ,s min replacing £ a ,Ki/ki,s na can be proved 
without recourse to Theorem 13.71 

Theorem 3.9. Let Ki/ko be a TK extension for which the p-local Brumer- Stark 
Conjecture holds. Set \fi Kl <g> Z p | = p r . The following are equivalent: 
(i) wi9 Kl/ko>S min(Q) is inp r Z[G] 

(iii) As a runs through classes in {C\k 1 <E> Z p )~ , the elements £ a ,Ki/k ,s min can be 
chosen so that their p r th roots generate a cyclic extension of ko of degree 
2p r+l , unramified away from p and linearly disjoint over ko from the cyclo- 
tomic Z p - extension. 

Proof, (i) — > (iii): As we assumed that the p-primary Brumer-Stark conjecture for 
Ki/k , the extensions generated by the p r th roots of the elements £ ai Ki/fc ,5 min are 
Abelian over k . Property (i) implies that they are unramified away from p. 

Let a represent a class of order p l in <L\. We fill first see that £ a ,^i/fe ,s min * s n °t m 
K* p [Ik x - Assume, to the contrary, that ^a^i/fco.s™ 111 can be chosen in K* p . Then 
Nki/Ko ( e a,A'i/fco,s min ) i s m Ko P - Letting e(a) denote the element of K associated 
with the ideal N^/Kq^ by the Brumer-Stark conjecture for K Q /k , we find using 
Proposition 12.11 and Lemma 12.21 the equality of ideals in Kq 

I gmin I _2 

{N Ki /k {e a , Kl/k0 ,s^)) = a N » w ^ = N Kl/Ko (a)" 2 '' |Co|(1 - r) Kl . 
Thus, in K we have 

Since /x^t^Zp is not cohomologically trivial, q is relatively prime to p. The surjectivity 
of the norm map N: <C\ — > €q then shows the ideal on the right is not the pth power 
of a principal ideal, a contradiction. 

We have now shown that £ ai Ki/fco,s min can ^ e chosen so that its p r th roots generate 
an extension field L of degree p r over K\, Abelian over ko, disjoint over K\ from 
the p-cyclotomic Z p -extension, with L/K\ unramified away from p. Property (i) of 
Proposition 13.11 shows that L/ko is unramified away from p. 

It remains to show 1) for every ideal b representing a class in (Cl^ ® Z p )~, the 
element £ ,ifi/fe ,'S™ in can De chosen so that its p r th roots are in L, and 2) L/Kq is 
cyclic. The proof can be accomplished by mimicking the arguments of the claim and 
the paragraph preceding it in the proof of (i) — > (ii) of Theorem 11.31 

(iii) — > (i): Let H and Hi be the unramified Abelian extensions of K and K\ 
corresponding to the groups (£ , P a nd £i iP through class field theory. The proof of 
Proposition 2.2 in [12] shows that H\ = HqKq. Because &p is trivial, the proof also 
shows that the restriction map GdX{H\/ K{) — > GsI^Hq/ Kq) is an isomorphism. Let 
g be an element of Ga\(Hi/ K\) of order p l . Use Chebotarev's Density Theorem to 
choose a prime ideal q in Kq not dividing p whose image under the Artin map for 
Hi/Kq is g. Because g fixes K x , q splits completely in Ki/K . 



Let be a prime ideal of K\ dividing q and ovj be the Frobenius automorphism 
of £} in Gal(Hi/ Ki). The restriction of ctq to H is the Frobenius automorphism of 
q in Ga\(H /K ). This is also the restriction of the Frobenius automorphism of q in 
Ga\(Hi/ Kq), i.e. g, to Hq. Since <jq and g both fix K\ and have the same restriction 
to Hq, they are identical. Thus, H represents a class of order p l in (£i iP . 

Because q splits completely in Ki/Kq, the power of £2 dividing £Q iKl / koiS xmn ^ s the 
coefficient of the identity map in Wi8x 1 /k 0! s min {^)- As £3 is unramified in the extension 
of K\ generated by the p r th root of SQ >Kl / ko> sxoxx (recall that £3 does not divide p), 
p r must divide the coefficient of the identity in Wi9 Kl / kOjS min(0). Property (i) then 
follows from Proposition 11.11 □ 

We can strengthen the above theorems if we assume K\/ko to be a TKNS extension. 
First, we will use this assumption to bound the size of the maximal Abelian exponent 
p r+1 extensions of ko and k\ unramified away from p. 

In the following lemma, for a finitely generated Abelian group A with an action by 
complex conjugation, we let ik + (A) and ik~(A) denote the p-ranks of (A g) Z p ) + and 

{A®z p y. 

Lemma 3.10. Let K be a CM number field, and let K + be its maximal totally real 
subfield. Assume that K contains thepth roots of unity, and that no prime ideal of K + 
dividing p splits in K/K + . Let L/K + be the maximal Abelian exponent p extension 
of K + which is unramified away from p. Then 

[L:K + ] = p ^-(^)+\ 

Proof. Let T be the set of prime ideals of K dividing p, and let S be the empty set. 
Let x be the nontrivial character of Gal(K/K + ). The S-T reflection theorem (see [21 
Theorem 5.4.5]) in this context states that 

(6) rk+(Qf)-rk-(Cl|)= Px (T,S). 

Here, Cl^ = C\t is the projective limit of generalized class group corresponding 
through class field theory to the maximal Abelian T-ramified and S'-split pro-p ex- 
tension of K, and similarly, Cl^ = C1 T is the generalized class group corresponding 
to the maximal Abelian S-raniified T-split pro-p extension of K. Finally, p x (T, S) in 
this setting is given by 

Px (T,S) = l+ Yl X > 
veT+ 

v split in K 

where T + is the set of prime ideals of K + dividing p. By assumption, this sum is 
empty, so p x (T,S) = 1. 

As no prime in T + splits in K/K + , the prime ideals in T generate an exponent 2 
subgroup of CI". Therefore, rk~ (Clg) = rk" (CI). Equat ion ([6]) thus becomes 

rk+ (C1 T ) = rk~ (CI) + 1. 



The lemma now follows using the definition of L. 



□ 



Corollary 3.11. Let Ki/ka be a TKNS extension for which the p-local Brumer- Stark 
conjecture holds. Set \/iki ® ^pl = p r ■ Conditions (i), (ii), and (Hi) of Theorems 11.31 
and \3.9\ are equivalent to: 

(iv) There exists a cyclic extension L/k of degree p r+1 , unramified away from p 
and linearly disjoint over k from the cyclotomic Z p - extension. 

In addition, when (iv) holds, L (( p 2r+i) + is the maximal Abelian exponent p r+1 exten- 
sion of ko unramified away from p. 

Proof, (ii) (iv) is immediate. 

We will now show that (iv) — > (i). We first show that L(( p 2r+i) + is the maximal 
Abelian exponent p r+1 extension of ko unramified away from p. Because Kq = /co(Cp r )> 
we know L(( p r) is a cyclic extension of K of degree p r+1 . Since L and the cyclotomic 
Zp-extension of K are disjoint, the Galois group of L(( p 2r+i) over K is isomorphic 
to Z/p r+1 Z x Z/p r+1 Z. Thus, L(C p 2r+i) + is an Abelian exponent p r+1 extension of ko 
unramified away from p. 

Let M/Kq be the degree p 2 subextension of L(( p 2r+i) / Kq for which Ga\(M/Ko) is 
Abelian of exponent p; M is a CM field. By assumption, no prime ideal dividing p 
splits in K /k , and Proposition 13.11 shows that (C\k <8> Z p )~ is a nontrivial cyclic 
group. Thus, Lemma [3.101 shows that M + is the maximal Abelian exponent p exten- 
sion of k unramified away from p. Then L(( p 2r+i) + must be the maximal Abelian 
exponent p r+1 extension of ko unramified away from p since the Galois group over ko 
of any larger such field would have p-rank at least 3, contradicting the maximality of 
M+. 

To prove (ii), we begin by observing that Proposition 13. II shows ki/ko is an Abelian 
exponent p extension of k which is unramified away from p. Therefore, k\ is contained 
in M, hence in L(( p 2r+i), and thus K\ is also contained in L(C p 2r+i). 

The subgroup of Gal (L(( p 2r+i) / K ) fixing K\ has index p. Let if be a sugroup of 
Z/p r+1 Zx Z/p r+1 Z of index p. Choose an element h olH not contained inpZ/p r+1 Zx 
p'L/p r+1 'L. Then h generates a cyclic subgroup of H of order p r+1 . The quotient 
(Z/p r+1 Z x Z/p r+1 Z) / (h) is cyclic of order p r+l . Thus, there is a field F with 

k C Ki C F C L(C p2 r+i) 

for which F/ko cyclic of degree 2p r+1 . This cyclicity implies that F is disjoint over 
ko from the cyclotomic Z p -extension. 

Let 7 be an element of K* such that F = K\ ( p ^ff) ■ We can choose 7 to be in 
(K^) 1 ~ T since Fjk\ is Abelian. Because FjK\ is unramified away from p, we can 
write 



where the prime ideals Vfii ramify in Ki/K , hence divide p. As no prime ideal dividing 
p splits in Kx/ki, it follows that o 2p ' is trivial in €i and (7 1 ~ T ) = a pr< - 1_T \ 

Set p* = If <x 2pT is trivial in C±, then o 2p ' ( 1_T ) = (f] 1 ~ T ) for some 77 in 

K*. Then 7 2 ( 1 - T ) differs from rf^ l ~ T > by a factor of a root of unity. But we have 

F = K\ y P s/j^j — Ki y p a/7 2 ( 1_t ) j . We have a contradiction, since F is disjoint over 
Ki from the cyclotomic Z p -extension. Therefore, the class of a in (£x has order p r or 
2p' r , so t > r and there exists an ideal b representing a class in such that b p r is 
in the same class as a 2 . 

Write b pt ' r ^- T ^ = (^~ T )a 2 ^ for some f in K x x . If w(b) is as in Lemma ESI 
then (w(b)) = (^ r (i-^) 7 2(i-r)). W e can thus choose w(b) = ^ r ( 1 -^) 7 2 ( 1 -^), an d then 

i^i ^ p ^co(b) j = F. As F/i^o is Abelian, (a, w(b)) Kum = 1. It now follows as in the 
proof of (ii) — > (i) in the Main Theorem 11.31 that 9 has p-integral coefficients. □ 

Corollary 3.12. Let K\/ko be a TKNS extension. Then a sufficient condition for 
Leopoldt's conjecture for k is \ (C1k <8> Z p )~| ^ \^k ® %p\- 

Proof. Property (ii) of Proposition 13.11 shows that (Cl^ ® Z p )~ is a cyclic group. 
If Leopoldt's conjecture for ko is false, then Lemma 13.101 shows that ki/ko is the 
first layer of a Z p extension of ko. Condition (iv) of Corollary 13.111 holds, and then 
Theorem 11.31 shows that (Clx ® Z p ) _ = jj, Ko ® Z p . □ 

4. Examples 

In this section, we provide a simple method for computationally producing examples 
of TKNS extensions. The method will be discussed only for sextic extensions of real 
quadratic base fields, although it can be adapted to produce examples with higher 
degree extensions of higher degree base fields. 

First, use a computer to search through real quadratic fields with discriminants in 
a predetermined set, identifying each field fco whose extension Kq = ko(\/—3) has the 
following properties: 

• No place dividing 3 splits in K /ko, 

• Kq has nontrivial cyclic 3-primary class group. 

By Lemma 13.10} each such field k must have degree 3 Abelian extensions un- 
ramified away from 3 other than the cyclotomic one. Compute such an extension 
field and call it k\. Compute the class number of Ki = ki(y/—3). If the class num- 
bers of K and K\ are exactly divisible by the same power of 3, then the norm 
map iV: (Cl^ <8> Z p ) — > (C1r- Cg)Z p )~ has trivial kernel. Then K±/ko is a TKNS 
extension. 

If the Brumer-Stark conjecture for K\jk§ holds, then K±/ko will satisfy all of the 
hypotheses of Theorem 1 1 . 3 1 and Corollary 13. Ill Although the Brumer-Stark conjecture 
is not generally known to hold for sextic extensions of real quadratic base fields, it 



was computationally verified for real quadratic base fields with small discriminant in 
Greither-Roblot-Tangedal [I] . 

The table below was produced by implementing the above method in the soft- 
ware PARI/GP. Each row corresponds to a TKNS extension Ki/ko of degree 6 
with base field ko = Q(\/n). The columns provide n, the cardinality h% of the 
cyclic 3-primary class group of Kq, the minimal polynomial p for a generator of 
the cubic extension ki/ko, a flag indicating if the module &p is trivial, the value 
w i&K 1 /k ,S min (^ 1 ) = Gfljcj/fco smin(O), and a flag indicating if condition (iv) from Corol- 
lary [3]TT] holds. Those rows where &p is trivial correspond to extensions Ki/k sat- 
isfying all of the hypotheses of Theorem 11.31 and Corollary 13.111 The Brumer-Stark 
conjecture is known for extensions in the table by pi]. 

We now examine the first two extensions in the table in more detail. 

Let ko = Q(v / 29)- Let k\ be the cubic extension of ko generated by a root of 
p = x 3 — 6x— \/29. Let K = k (V~ 3) and K\ = k x (a/— 3). Computations performed 
with PARI/GP indicate there is a cyclic degree 9 extension of k , unramified away 
from 3 and linearly disjoint over ko from the Z p -extension. According to Corollary 
13.111 Wi9 Kl / ko S min(0) must be in 3Z[G]. This is confirmed by PARI/GP, which shows 
that 

wiO Kl /k ,s™"(fy = (18 - 6a - 6o- 2 )(l - r), 
where a and r are elements of G = Gal(Ki/ko) of orders 3 and 2 respectively. 

Now let ko = Q(v^43)- Let ki be the cubic extension of ko generated by a root 
of p = x 3 — 21x + 2v^43. Let K = k (y/— 3) and K\ = k\ (y/— 3). Computations 
performed with PARI/GP indicate that there is only one cyclic degree 9 extension 
of k Q unramified away from 3 — the cyclotomic one. According to Corollary 13.111 
w i#Ki/fc o ,s min (0) should be in Z[G] but not in 3Z[G]. This is confirmed by PARI/GP, 
which shows that 

Wi0 Kl /ko,s^(O) = (20 - 4a - 4a 2 )(l - r), 

where a and r are elements of G = GaA(Ki/ko) of orders 3 and 2 respectively. 

Finally, we single out the row of the table with d = 173 as an extension satisfying 
the sufficient condition for the p-primary Leopoldt's conjecture in Corollary 13.121 (al- 
though the conjecture is already trivial in this example because ko is a real quadratic 
field). 



n 


hs 


V 


&p trivial 


Wl 6(0) 


(iv) holds 


29 


3 


x 3 - 6x - \/29 


yes 


(18 -6a- 6a 2 ) (1 - r) 


yes 


43 


3 


x 3 - 21x - 2^/43 


yes 


(20 -4a- 4a 2 ) (1 - r) 


no 


58 


3 


x 3 - 30x - 4^58 


yes 


(20 -4a- 4a 2 ) (1 - r) 


no 


62 


3 


x 3 - (27 + 3^/62> - (65 + 8^62) 


no 






67 


3 


x 3 - 21x - 4^67 


yes 


(36 - 12a - 12ct 2 ) (1 - r) 


yes 


74 


3 


x 3 - 21x - (11 + 3>/74) 


yes 


(24 - 24a + 12a 2 ) (1 - r) 


yes 


77 


3 


2x 3 - 24x - (5 + 3^/77) 


no 






79 


3 


x 3 - 21s - (9 + 2^79) 


yes 


(24 + 24a - 36a 2 ) (1 - r) 


yes 


82 


3 


x 3 - (11 + V82)x - 1 


yes 


(8 - 16o- + 20o- 2 ) (1 - r) 


no 


83 


3 


x 3 - 30x - (2 + 6\/83) 


no 






85 


3 


2x 3 - (13 + y/85)x - 2 


yes 


(-4 + 8a + 8o- 2 ) (1 -r) 


no 


93 


3 


x 3 - 2\x - 8 


yes 


(10 - 2a - 2a 2 ) (1 - r) 


no 


103 


3 


x 3 - (14 + y/wS)x - (23 + 2^/103) 


no 






106 


3 


x 3 - (17 + ^/Am)x - (13 + ^/T06) 


yes 


(20 + 20a - 28a 2 ) (1 - r) 


no 


109 


3 


x 3 - I2x - Vl09 


yes 


(44 - 16a - 16a 2 ) (1 - r) 


no 


113 


3 


x 3 - 15x - 2^/Tl3 


yes 


(10 - 2a - 2a 2 ) (1 - r) 


no 


122 


3 


x 3 - 15x - 2^/122 


yes 


(36 - 12a - 12a 2 ) (1 - r) 


yes 


131 


3 


x 3 - 33x - 2^/l3T 


yes 


(20 - 4a - 4a 2 ) (1 - r) 


no 


137 


3 


x 3 - 15x - v/137 


yes 


(18 - 6a - 6a 2 ) (1 - r) 


yes 


139 


3 


x 3 - (14 + Vl39)x - (23 + 2^139) 


no 






142 


3 


x 3 - 30x - (36 + 2y/U2) 


yes 


(28 + 40a - 44a 2 ) (1 - r) 


no 


151 


3 


x 3 - 21x - (24 + ^/151) 


no 






173 


9 


2x 3 - (45 + 3^/T73)x - (56 + 4^/173) 


yes 


(38 - 10a - 10a 2 ) (1 - r) 


no 


179 


3 


x 3 - 39x - (7 + 6\/l79) 


no 






181 


3 


x 3 - 12x + Vl8l 


no 






182 


3 


x 3 - (45 + 3\/l82)x - (55 + 4^182) 


yes 


(36 - 36a + 24a 2 ) (1 - r) 


yes 


183 


3 


x 3 - 45x - 6^/183 


yes 


(12 + 0a + Oa 2 ) (1 - r) 


yes 


199 


3 


x 3 - (20 + VTM)x - (33 + 2^/199) 


no 
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